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ABSTRACT
A steady standing wave pattern is observed in a super-critical open
channel flow in a small narrow rectangular channel. The channel width
is 2 cm. In the preliminary analysis, we find that the standing wave is
associated with capillary waves.
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INTRODUCTION
A small rectangular channel was built in the Department of Hydraulic
and Ocean Engineering, National Cheng Kung University, Taiwan, to
study various open channel flows, such as hydraulic jump, roll waves,
multi-phase flows, etc. The channel is 2 cm wide, 160 cm long made
from transparent acrylic glass, Fig. 1. The narrow width was initially
designed for better adoption of flow visualization techniques. However
interestingly, under many test conditions, we found that flows in the
channel usually form an observable steady standing wave pattern on the
free surface. In this presentation, we report a preliminary investigation
on the mechanism of the standing wave pattern.
APPARATUS AND EXPERIMENTS
The channel and instrument alignment are shown in Fig. 1. The
coordinate system is defined in Fig. 1(a) and (b), where x, y are the
stream-wise and width-wise directions and z is perpendicular to the
channel basal surface. The origin is defined at 71.9 cm from the gate of
the water reservoir, on the wall closer to the camera. A flow rectifier,
made of plastic straws, is installed to rectify the flow. We use particle
image velocimetry (PIV) to measure the flow motion. A 1-W green
light laser is applied to provide PIV illumination and 30 μm tracer
particles are added at a concentration 2.1×10-4 by weight to scatter the
light. The flow images are taken by IDT X-Stream 3 high speed digital
camera set at a rate of 1000 frames per second. The camera was driven
by Pro Vision-XS software and the images are analyzed using PIVLab.
Ver. 1.4.

The inclination angle is set to 1° and the volume flow rate is 83.35
cm3/sec. A typical side-view flow image is shown in Fig. 2(a). Across
the channel width, we measure three profiles at y = 0.5, 1.0 (center) and
1.5 cm. The position of the profiles are indicated by the thick red, green
and blue lines in Fig. 2(b). The depth-wise velocity profiles are
measured at two locations, x = 3.376 and 9.111 cm. Because of the
characteristics of the PIV technique, the velocity profiles are the
average values in 1.025 cm stream-wise windows at the two locations.
The average depth-wise velocity profiles are depicted in Fig. 3. They
indicate that the velocity distribution is almost uniform in the depthwise direction. This is in contrast to the parabolic shaped Poiseuille
flow because of the high Reynolds number flow (Re ≈ O(103 ) : O(104 ) ,
based on the flow depth and speed). Comparing the velocity between
the two locations, we find that the stream is a developing flow but the
acceleration is mild ( ∂u/∂x ≈ 1.07 , averaging over the three profiles).
The Froude numbers, Fr = u/ g z h , at the two locations are about 1.682
and 1.976.
The standing wave pattern can be easily observed by tracing the motion
of floating tracers. When moving along with the stream, oscillation of
the tracers is seen. By comparing the tracer motion at different crossstream profiles, we find that the free surface is anti-symmetric with
respect to the channel central line (y = 1 cm). The anti-symmetry
implies that the channel width W is a half wave-length in the crosschannel direction. The stream-wise wavelengths are also measured
visually. In the observation window, about 15 cm in length, there are
about three to four waves and their wave-lengths are from 3.801 cm to
4.007 cm, exhibiting a mild linear increase along the mildly
accelerating stream. These waves remain steady during the PIV image
acquisition period.
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Fig. 1 (a) The rectangular channel, (b) channel cross-section and coordinate system. The origin O is defined at the bottom-left corner of the PIV
image, at 71.9 cm from the gate of the water reservoir, on the wall closer to the camera. The channel width is W and the inclination angle is θ . The
light blue area indicate the flow rectifier and the green area is the laser illuminated zone for PIV measurement. The standing wave pattern is observed
on the flow surface. (c) The instrument alignment.

Fig. 2 (a) A typical flow image. The laser sheet is at y = 0.5 cm. The water surface shows the standing wave pattern. (b) the three locations of the
laser sheets. The light blue shaded areas represent the PIV flow speed average areas. The length dimensions are in centimeters. For clarity, the figure
is not in scale.
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LINEAR THEORY

The equations for the wavy component is then

With the implication of the uniform velocity profiles, we apply the

∂
∂
(h′u + hu′) + (hv′) = 0,
∂x
∂y

classical two-dimensional shallow water model with a surface tension.
In the coordinate system defined in Fig. 1, the steady flow model
equations read
∇ ⋅ (hu) = 0,

1
g z h 2 ) = gPh
2
2h
+ T ∇(h∇ 2 h) − CD (1 + )u | u |,
W

∇ ⋅ (hu ⊗ u +

(1)

where h is the flow depth and u is the flow velocity, [1]. The
gravitation acceleration are gP = ( g x ,0)T = g (sin θ ,0)T and g z = g cos θ
where θ is the inclination angle of the chute. T denotes the tension per
unit length (normalized by the water density) whose typical value is
T = 74 cm3/sec2. A simple derivation of the tension term is
recapitulated in the appendix. Cd is the drag coefficient. The drag force
is multiplied with a factor (W + 2h)/W to account for the side wall
effect.
In the preliminary analysis on the observed steady standing wave patter
on the free surface, we begin with the perturbation method. The flow
depth and velocity are decomposed into non-wavy and wavy
components. The non-wavy parts are denoted with an over-lined
symbol and the wavy parts are with a primed symbol, i.e.,
h = h ( x) + h′( x, y ) and u = (u ( x) + u′( x, y ), v′( x, y )) . Following the
usual assumption, the wavy components is assumed much smaller than
the non-wavy counterparts, such that the linearization procedures of the
perturbation can be performed. After performing the perturbation
analysis, we refer the fundamental set, O(1), of the governing equations
as the non-wavy component of the flow and the first order perturbation
of the equations as the wavy part.
An additional assumption is made to cope with the mild acceleration.
The assumption is that the characteristic length for the change of the
∂u
non-wavy velocity, u/( ) , is at most of the order of magnitude of the
∂x
wavelength of the wavy perturbation. A posterior verification is needed
for this assumption. Because of the mild acceleration, we can
approximate ∂u/∂x ≡ α with a constant in a range of a few wavelengths.
From the continuity equation, the change of the non-wavy flow depth is
∂h/∂x = −αh/u and similarly, the non-wavy momentum equation
yields the balance relation

α (hu −

α ∂
g x h′ − Th ( − )∇ 2 h′
u ∂x
2 2
2h
− Cd ( u h′ + 2(1 + )uu′),
W
W
∂
∂
∂
(huv′) + ( g z hh′) = Th ∇ 2 h′
∂x
∂y
∂y

− Cd (1 +

2h
)uv′.
W

(3)

The linearized system (3) can be solved by assuming that the solution
has the following spatial harmonic dependence

 h′   hn cos(nπy/W ) 
 ′ 

 u  =  un cos(nπy/W )  exp(ikx),
 v′   v sin(nπy/W ) 
   n


(4)

where i = −1 . We refer the form as the eigen-solution. In this
particular form, k is the stream-wise wave number and n is a natural
number (1, 2, K), indicating the integer multiplier of a half-wave length
in the channel-width direction. Note that v′ satisfies the no-penetration
condition on the side walls but u′ is relaxed to have a slip velocity by
the virtue of the shallow water model.
After substitution with the eigen-solution (4) into the equation
system (3), we have a linear algebraic system

 hn 
 
A  un  = 0,
v 
 n

(5)

where A is a 3 × 3 matrix whose elements are

αh
nπ
, A13 =
h,
u
W
A21 = ikTh (k 2 + n 2π 2 /W 2 ) + ik (u 2 + g z h )

A11 = iku + α, A12 = ikh −

gzh
u2
− g x + 2Cd ,
u
W
nπ
2h
A22 = 2ikhu + 2Cd u (1 + ), A23 =
hu ,
W
W
nπ
n 2π 2
nπ
A31 = − Th (k 2 + 2 ) −
gzh ,
W
W
W
A32 = 0, A33 = A22 /2.
+ α (2u −

2

gzh
2h
) = g x h − Cd (1 + )u 2 .
u
W

∂
∂
(h′u 2 + 2huu′ + g z hh′) + (huv′) =
∂x
∂y

(2)

Under the mild acceleration assumption, the tension force of the nonwavy flow vanishes. With the present experimental data, we have
α ≈ 1.07 , which leads to ∂h/∂x = −αh/u ≈ −0.0163 , with a roughly
10% error compared to the direct measure, -0.0179. Probably due to the
limits of measurement accuracy and the interference with the wave
system, the inferred drag coefficient is a small but impossible negative
value according to (2). While this error remains to be resolved in future,
we neglect the drag force in the present analysis.

Equation (5) has non-trivial solution if and only if
det A = 0,

(6)
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which is the characteristic relation for the wave number k with the
cross-channel standing wave number n . The characteristic relation (6)
is in fact a polynomial equation for k and can be solved

straightforwardly. For a stream-wise wavy pattern to exist, k has to
have a non-zero real part.

Fig. 3 Velocity profiles, water surface and velocity standard deviation at x = 3.376 (a) and 9.111 cm (b). The velocity profiles show that they are
almost uniform in the depth-wise direction for all the three profiles.
A simple flow to support this standing wave system can be illustrated
with a developed ( α = 0 ), inviscid ( Cd = 0 ), horizontal ( g x = 0 ), nosurface-tension ( T = 0 ) flow. In such a flow, we have
k = nπ/(W Fr 2 − 1),

(7)

which indicates that a super-critical flow is a necessary condition. A
slightly more complicated flow is the same simple flow but with a
surface tension, which yields the characteristic relation

T 4
2T n 2π 2 2 n 2π 2
T n 2π 2
k + (Fr 2 − 1 +
)k − 2 (1 −
) = 0.
2
gz
gz W
W
gz W 2

observation. Comparing to the wavelength of (8), the mild flow
acceleration and drag force have virtually no influences. The surface
tension, on the other hand, significantly shortens the standing wave
pattern, cp. the wavelength of (7). The imaginary parts of the mode is
much smaller than the real parts indicating that the wave is nearly
Table 1: The first five fundamental eigen-solutions. For comparison,
the wave lengths (in cm) of three characteristic relations, (6), (7) and
(8) are tabulated. Solutions with pure imaginary wavelengths are
excluded.

(8)

In the simplified linear theory, we can only identify the possible
standing wave pattern by inspecting if the observation fits any of the
nontrivial wavelength and eigen-solution. Further analysis, for
example, the on-sets, classification (convective or absolution) of the
stabilities, is deferred to future studies. Because of the limitations of
the present theory, non-wavy modes (pure imaginary wave number
solutions) and modes with negative real parts (the positive real part
coincident modes) are excluded.
The first few fundamental eigen-solutions are calculated and sorted in
the descending order of the real part of the wavelengths ( λ = 2π/k ).
They are listed in Table 1. For comparison, the wave number of three
characteristic relations, (6), (7) and (8) are tabulated. These relations
corresponds to the mild accelerating flow with surface tension, the
horizontal fully developed inviscid flow with surface tension, and the
horizontal fully developed inviscid flow without surface tension.
From the table, we find that the wavelength of the first fundamental
mode of the flow (6) matches excellently with the experimental

neutral and may extend to a long distance.The higher order modes,
from the second fundamental mode onward, are not observed in the
experiments.These modes may either be too small to be measured in
the experiments, or be suppressed by higher order nonlinear
mechanisms which were neglected in the current analysis.

CONCLUSION
The steady standing surface wave observed in the narrow rectangular
channel was analyzed. A simple linearized theory based on the shallow
water equation was derived for the waves. The mild acceleration of the
developing flow and a typical u2-drag rule were incorporated in the
theory but both were shown insignificant. For the standing wave
pattern to exist, the flow has to be super-critical, i.e. Fr > 1. Most
importantly, it was found that surface tension is one of the dominant
effects to form the wave pattern in the narrow width channel flow. It is
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seen from the excellent match between the wavelength observed in the
experiment and calculated according to the theory. In future, derivation
on a more rigorous scaling analysis will be re-performed, then the
weakly nonlinear analysis becomes possible. Overall, experiments
with a wider range of operation conditions will be scheduled and
completed.
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APPENDIX
When with surface tension, the pressure on water surface becomes
p |z = h +T ∇ 2 h = 0 , assuming a zero atmospheric pressure, [2].
Neglecting the inertial in the z-direction, the pressure can be solved by
integrating the z-momentum equation

p ≡ p ( z ) = −T ∇ 2 h + ρg z (h − z ).

(9)

Substituting the pressure into the derivation of the shallow water
equation, we obtain the following pressure gradient term
h

−∇ ∫ pdz = T ∇(h∇ 2 h) −
0

1
ρg z ∇h 2 ,
2

(10)

and hence the governing equation (1), with the surface tension effect.
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