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ABSTRACT 
 
Two primary concerns in performing watershed overland flow routing 
are the numerical instability and computational efficiency. The stability 
of an explicit scheme is usually restrained by selecting an adequate 
routing time increment to follow the Courant-Friedrich-Lewy condition 
and the Hunter condition. The Courant-Friedrich-Lewy condition is 
adopted to confirm that the numerical marching speed is larger than the 
wave celerity, and the Hunter condition is used to avoid back-and-forth 
refluxing between adjacent grids on flat regions, whereas selection of a 
small time increment following these two conditions has decreased the 
computational efficiency in performing overland flow routing. This 
study aims to create a robust algorithm to relax both restrictions 
simultaneously. The proposed algorithm was first implemented on a 1D 
overland plane to evaluate the accuracy of the numerical result by 
comparing it with an analytical solution. Then, the algorithm was 
further applied to a mountain watershed for 2D runoff simulations. The 
results show that the proposed integrated algorithm can provide an 
accurate runoff simulation and achieve satisfactory performance in 
terms of computational efficiency. 
 
KEY WORDS: overland flow, computational efficiency, Courant-
Friedrich-Lewy condition, Hunter condition, diffusion wave, digital 
elevation model. 
 
INTRODUCTION 
 
To capture the spatial and temporal variation of surface runoff, a 
variety of numerical algorithms have been proposed to solve the 
hydrodynamic equations and to continuously seek more robust 
performance with lower computational cost, concise scheme 
procedures, and stable routing processes with tolerable truncation and 
round-off errors. To achieve these purposes, watershed runoff 
simulations are usually performed using a diffusion-wave 
approximation instead of applying the full shallow water equations 
which involve more complex mathematical operations. Several 
previous studies have indicated that the simplified diffusion-wave 
equation, neglecting the local and convective acceleration terms in the 
momentum equation, can still provide appropriate simulations of 
overland flow on rugged landforms (Ponce et al., 1978; Wang and 
Hjelmfelt, 1988). Considering that an explicit numerical scheme is 
more convenient for grid-based routing and is more efficient to 
calculate than the implicit method (Wang and Hjelmfelt, 1988; Bates et 
al, 2010), different explicit schemes based on the diffusion-wave 
theorem have been developed to conduct 2D runoff simulations 

(Gonwa and Kavvas, 1986; Ogden and Julien, 1993; Wang and 
Hjelmfelt, 1998; Jain and Singh, 2005). 
 
The computational efficiency of the explicit scheme is subject to two 
types of conditions that restrict the computational time increment to 
conserve the accuracy of the numerical solutions. One is the Courant-
Friedrich-Lewy (CFL) condition (Courant et al., 1967) and the other is 
known as the Hunter condition (Bates and De Roo, 2000). The CFL 
criteria is utilized to ensure the numerical stability in employing any 
one of the available explicit schemes (Courant et al., 1967). The 
restriction of the computational time increment, depending on the grid 
size and wave celerity, can be expressed as follows: 
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where 

MCt∆ is the time step subjected to CFL criterion, v  is the velocity 
of surface flow, and g  is the acceleration of gravity. The CFL 
condition is exploited to maintain the validity of the numerical scheme 
for flood wave transport. The other condition is known as the Hunter 
condition (Bates and De Roo, 2000), which is applied to avoid the 
solution over-shooting, namely the excessive flow volume leaving from 
a cell in a single time interval, causing flow refluxing at the next time 
step (Hunter et al., 2005; Bates et al., 2010). By conducting a von 
Neumann stability analysis for the diffusion-wave equation, Hunter et 
al. (2005) deduced an adaptive time increment as 
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where h  is the water depth and n  is the Manning roughness coefficient. 
As shown in Eq. 2, the adaptive time increment 

MHt∆  is relevant to 
spatiotemporally geomorphologic and hydrological characteristics 
(Hunter et al., 2006). Hence, it can be inferred that the adaptive time 
step shown in Eq. 2 would diminish as the grid size or water surface 
gradient decreases. 
 
There have been several studies proposed to release either of the time 
increment restrictions shown in Eqs. 1 and 2 in order to increase 
computational efficiency. For the CFL condition, MacCormack (1982) 
applied a recursive formulation in the numerical scheme to modify the 
continuity equation, and the CFL criterion is relaxed to permit 



 

expansion of the computational time increment. Subsequently, this 
concept was applied to a quasi-2D surface runoff simulation through a 
change in routing sequence (Huang and Lee, 2013). For the Hunter 
criterion, Bates et al. (2010) deduced a new discretized momentum 
equation, which considers one more force term to alleviate the 
constraint of the Hunter condition; however, the deduced numerical 
scheme is still subjected to the CFL criterion. This study aims to 
establish an efficient method for overland flow routing. To relieve the 
two aforementioned time-increment restrictions simultaneously, the 
proposed method integrates the quasi-2D recursive formulation (Huang 
and Lee, 2013) for the continuity equation with the flow limit 
formulation (Bates et al., 2010) for the momentum equation. In the 
following sections, the two latest approaches exploited in this study are 
first reviewed, and then the proposed method is illustrated in detail. All 
these algorithms are demonstrated by performing the overland flow 
routing on an overland plane, considering the availability of the 
analytical solution. To demonstrate the significance of this study, 
geomorphologic and hydrological data from the Goodwin Creek 
experimental watershed in the United States are collected to show the 
difficulty of the limited time increment subjected to both criteria, and to 
demonstrate the applicability and computational efficiency of the 
proposed integrated algorithm for watershed runoff routing. 
 
GOVERNING EQUATIONS FOR OVERLAND-FLOW 
ROUTING 
 
Simulating the hydrodynamic phenomena of overland flow is 
fundamentally based on the de Saint Venant equations. The continuity 
and momentum equations can be expressed as 
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in which h  is the water depth; q  is the discharge per unit width; 

ei  is 
the intensity of excess rainfall; oS  is the ground slope; 

fS  is the 

friction slope. By neglecting all the inertia terms in the momentum 
equation, the simplified diffusion-wave (or non-inertia wave) can be 
expressed as 
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Eq. 5 indicates that the gradient of the water surface drives the 
movement of flow. Hence, the discharge of overland flow at each cell 
in the DEM dataset can be estimated by using Manning’s equation as 
follows: 
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where n  is the Manning roughness coefficient. As a result of the 
unavailable analytical solution for this set of governing equations, a 
numerical scheme is alternatively exploited to acquire the approximate 
solution. 
 
 

APPROACHES FOR RELIEVING THE TIME INCREMENT 
RESTRICTIONS 
 
According to the explicit scheme, the time-varying increment of water 
depth deduced by discretizing the continuity equation shown in Eq. 3 
can be expressed as 
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in which 

, ( )i INq t  represents the total inflow discharge per unit width at 

location i, namely the accumulated discharge collected from upstream 
adjacent cells. For example, as shown in Fig. 1, the inflow discharge of 
Grid 5 can be expressed as 
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The water depth at t t+ ∆  is then obtained by 
 

( ) ( ) ( )i i ih t t h t h t t+ ∆ = + ∆ + ∆  (9) 
 
By substituting the water depth into Eq. 6, the discharge at t t+ ∆  can 
subsequently be derived. The aforementioned content illustrates the 
conventional procedure of diffusion-wave simulations. To enhance the 
computational efficiency of grid-based watershed routing, the quasi-2D 
recursive formulation (Huang and Lee, 2013) was adopted in this study 
to release the CFL condition, and the flow limit formulation proposed 
by Bates et al. (2010) was then used to alleviate the Hunter condition. 
Hence, the integrated algorithm proposed herein is anticipated to 
relieve both time increment conditions. 
 
Quasi-2D Recursive Formulation 
 
For the purpose of expanding the computational time increment, 
MacCormack (1982) deduced a 1D recursive formulation to ameliorate 
the numerical stability. The recursive formulation for the water depth at 
t t+ ∆  can be estimated by 
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where ( )ih t t′∆ + ∆ represents the modification of ( )ih t t∆ + ∆ ; ( )ih t t∆ + ∆  
can be obtained from the discretized continuity equation shown in Eq. 7; 

, ( )i INh t t′∆ + ∆  denotes the modified time-varying increment of inflow 

depth at location i; λ  is a parameter defined as 
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in which 
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c v gh= +  (13) 
 
where c  denotes the wave celerity of gradually varying shallow water 
flows, and a  is a coefficient. To accommodate the application of a 
quasi-2D routing system, in which every single cell in DEM datasets 
can be assigned with multiple upstream-inflow grids, the 

, ( )i INh t t′∆ + ∆ adopted in Eq. 11 was re-formulated by Huang and Lee 

(2013) as follows: 
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It should be noted that since the total inflow discharge 

, ( )i INq t t+ ∆  is 
involved in the recursive formulations in Eqs. 11 and 14, the discharges 
of upstream-inflow grids should be derived prior to calculating the 
discharge of downstream-receiving grids. Hence, Huang and Lee (2013) 
proposed a routing sequence following the water stage of each grid in a 
descending order for diffusion-wave routing on a 2D elevation dataset. 
 
Proposed Integrated Algorithm 
 
For the purpose of relieving the CFL condition as well as the Hunter 
condition in executing the explicit scheme, the quasi-2D recursive 
formulation was used to modify the water depth estimated in the 
continuity equation, and the flow limit formulation was adopted to 
assess the flux transport between grids. The procedure for this 
integrated algorithm can be described as follows: 
(1) Derive the time-varying increment of water depth using Eq. 7; 
(2) Calculate the related parameters provided for the recursive 

formulation according to Eqs. 12~14; 
(3) Calculate the modified water depth increment by adopting Eq. 11; 
(4) Calculate the water depth at t t+ ∆  following Eq. 10; 
(5) Calculate the outflow discharge by substituting the water depth 

( )ih t t+ ∆  into Eq. 16;  
(6) Assign the cell-by-cell routing sequence according to the water 

stage and repeat the procedure from Step (1) to Step (6) in the next 
time step. 

 
To clarify the necessity of the cell-by-cell routing sequence mentioned 
in Step (6) as suggested by Huang and Lee (2013), a series of schematic 
diagrams is provided for illustration. Fig 2(a) shows a sample DEM, in 
which the numerals represent the elevation of each cell. According to the 
elevation differences among the eight adjacent cells, the single-flow 
direction of each cell pointing to the cell with steepest descent can be 
determined as shown in Fig 2(b). By combing the information in Fig. 2(a) 
and Fig. 2(b), a drainage network, shown in Fig. 3(a), can be constructed. 
The numbers shown in Fig 3(b) denote the suggested routing sequence of 
the DEM dataset, which is assigned in according to the descending order 
of the elevation for an initial dry surface. The routing sequence is then 
assigned in according to the descending order of water stages after 
receiving rainfall in the next time step. 
 
VERIFICATION OF FLOW ROUTING ON OVERLAND 
PLANE 
 
In order to provide an analytical solution for model verification, flow 

routing on an impervious overland plane was implemented to examine 
the numerical accuracy and computational efficiency of the proposed 
algorithm. Continuous rainfall with a constant intensity of 70 mm/h 
was given on an 800 m overland plane with a uniform slope of 0.3. In 
performing the series tests, a fixed Manning’s roughness coefficient of 
0.1 was assigned and all the simulations were executed commencing at 
an initially dry surface. Fig. 4 shows the discharge hydrographs at the 
end of the plane by employing the four different algorithms and the 
analytical solution. In this figure, “conventional” denotes the diffusion-
wave simulation performed using the explicit scheme (HEC, 2000; 
Bedient et al., 2008). The “MacCormack” hydrograph was generated 
by adopting the MacCormack recursive formulation (Eq. 11) into the 
diffusion-wave routing. The “Bates et al.” hydrograph was produced by 
applying the flow limit formulation (Eq. 16) based on the inertial 
momentum equation (Eq. 15). The proposed integrated algorithm was 
performed by combing the MacCormack recursive formulation (Eq. 11) 
with the flow limit formulation (Eq. 16). Moreover, the analytical 
solution for the simplified kinematic-wave equation is provided for 
comparison. Several previous studies have indicated that the flow 
transport on steep terrains simulated by the kinematic wave equation 
was found to be analogous to that simulated by either the diffusion-
wave or dynamic-wave equations (Henderson, 1966; Stephenson and 
Meadows, 1986; Lee and Huang, 2012). 
 
Since the phenomenon of flow refluxing would not emerge in the case 
of a 1D overland plane, the CFL condition was the dominant criterion 
to restrain the time increment. In performing the numerical tests, the 
maximum allowable time increment was 2 s when the conventional 
algorithm and the flow limit formulation (Bates et al., 2010) were 
performed. While using the MacCormack recursive formulation and the 
integrated algorithm proposed in this study, the time increment can be 
enlarged to 30 s owing to the efficacy of releasing the CFL condition. 
As shown in Fig. 5, the hydrographs estimated by the four algorithms 
are close to the analytical solution of the kinematic-wave equation 
despite the slight delay of time to equilibrium, which is caused by more 
force terms being considered in the momentum equation. Moreover, 
this test also demonstrates the feasibility of using the MacCormack 
recursive formulation to permit a lager time increment (30 s in this case) 
for computation. 
 
VERIFICATION OF FLOW ROUTING IN MOUNTAIN 
WATERSHED 
 
To denote the difficulty of time increment selection, which is 
simultaneously restrained by the CFL condition and the Hunter 
condition in applying an explicit scheme, and to test the proposed 
algorithm applied in a topographically complex watershed, the 
geomorphologic and hydrological data collected from the Goodwin 
Creek experimental watershed were adopted for model simulations. 
Goodwin Creek is located in Panola County, Mississippi, USA. It is a 
tributary of the Yocona River, which eventually flows into the 
Mississippi River. The DEM dataset of Goodwin Creek watershed is 
currently available at a resolution of 10 m. The topography of Goodwin 
Creek watershed can be seen in Fig 5. This watershed drains a total 
area of 21.3 km2 with an average channel slope of 0.004 in Goodwin 
Creek. The land cover in this watershed is dominantly occupied by 
pasture and forest. In this study, discharge records of four storm events 
measured at the watershed outlet (Station No. 1) were collected for 
model verification. 
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Time Increment Restriction 
 
Prior to testing the performance of the proposed algorithm, the 
maximum allowable time increment used for model simulation in 
executing the conventional explicit scheme is worth realizing. A 
constant rainfall with an intensity of 50 mm/hr lasting for 1 hr was 
assigned for numerical tests in the Goodwin Creek watershed. Both the 
time increments restricted by the CFL and Hunter conditions are 
dependent on the location in the watershed as well as the temporal 
variation of rainfall; hence, the most limited allowable time increment 
restricted by the CFL condition during the whole rainfall process for a 
designated cell is denoted 

MCt ′∆ , and MHt ′∆  is used to denote the most 
limited time increment restricted by the Hunter condition. Fig. 6 shows 
the spatial distributions of the time increment subjected separately to 
the two criteria. As shown in Fig. 6(a), under the CFL condition, the 
cells of which the allowable time increments are limited to within 5 s 
(i.e., 

MCt′∆ < 5 s) are found mainly distributed on the stream network, 
and the total area of these cells is about 0.51 km2. Fig. 6(b) shows that 
the cells with MHt′∆ < 5 s according to the Hunter condition are also 
mainly distributed on the river course, and the total area is about 0.64 
km2. The reason for this distribution of more limited time increments is 
the fact that higher water depth with a larger celerity commonly occurs 
around the stream network of a watershed. The total area restrained to 
within 5 s by either of the two conditions is actually much smaller than 
the size of the watershed (=21.3 km2), but this situation would decline 
the computational efficiency because the selection of time increment 
( t∆ ) is subject to the cell having the most constrained condition 
according to Eqs. (1) and (2) in order to ensure numerical stability 
during the simulation. 
 
To clarify the limitation of the computational time increment due to the 
two conditions, a bar chart shown in Fig. 7 is further presented to 
indicate the cell areas with different ranges of allowable time 
increments. It can be informed that the Hunter condition causes 
considerable cells to be restricted within time increments smaller than 1 
s. Therefore, only if these two conditions are released simultaneously 
can the computational performance be enhanced. 
 
Proposed Algorithm Performance 
 
To detect the efficiency and accuracy of the proposed algorithm, 
hydrological records of six rainstorms at 10-min interval were collected 
to implement runoff simulations. The infiltration rate deducted from the 
observed precipitation data was based on the equation proposed by 
Green and Ampt (1911). In considering that pastures are the primary 
vegetation of land cover in the Goodwin Creek watershed, the 
Manning’s roughness for overland flow routing was set as 0.2 
according to the reference value provided by the Hydrologic 
Engineering Center (HEC, 2000), and following the customary 
procedure of model parameter calibration. 

To simultaneously consider the CFL and Hunter conditions to maintain 
the numerical stability in running the conventional algorithm, the most 
limited time increment of all the cells in the watershed should be 
sought at each routing round and selected as the computational time 
increment. For the six rainstorms shown in Fig. 8, the computational 
time increment t∆  was found to vary in the range of 0.005–5 s during 
the rainfall in order to meet the two restrictions when the conventional 
explicit scheme was adopted. A fixed time step of 30 s was assigned for 
running the proposed integrated algorithm, which is unrestricted by the 

CFL and Hunter conditions in the whole period of the rainstorm 
simulations. 

As shown in Fig. 8 (a)-(f), the simulated hydrographs of the six 
rainstorms using the conventional algorithm were compared with those 
using the proposed algorithm. It can be seen all the hydrographs 
generated by the proposed algorithm are essentially close to those 
obtained using the conventional algorithm in spite of the slight delay of 
time to peak, which is caused by the utilization of Eq. (15) including 
one more inertial force term. The root-mean-square error (RMSE) was 
adopted to measure the deviation between the two simulated 
hydrographs. As shown in Table 1, the relative RMSE values are less 
than 0.041 for all the rainstorm cases. Moreover, comparison between 
the simulated and recorded hydrographs (as shown in Fig. 9) also 
demonstrates the applicability of the proposed algorithm for rainfall-
runoff simulation. 

In terms of evaluating the computational efficiency of the proposed 
algorithm, the total computational costs (CPU time) required by 
conducting four different numerical algorithms for the six storm events 
are shown in Table 2. The computational time increment t∆  adopted in 
the proposed algorithm can be extended to 6-6000 times the values 
used in the conventional algorithm. The test results of the four 
rainstorms indicate that the computational speed of the proposed 
algorithm outperformed that of the conventional explicit algorithm by a 
maximum factor of 60 when the computational time step t∆  was 
enlarged to fixed 30 s without complying with either of the two time 
increment restrictions. Moreover, the efficiency of the proposed 
integrated algorithm also surpasses the two algorithms, separately 
applying the quasi-2D MacCormack recursive formulation 
(MacCormack, 1982; Huang and Lee, 2013) and the inertial 
momentum equation (Bates et al., 2010), by the factors of 22 and 15 
investigated in the six cases of storm events. 
 
Tables 
 
Table 1. Deviation of hydrographs between the conventional and 
proposed algorithms 
 

Date of storm event Relative RMSE 
Jan. 11, 1996 0.038 
Jun. 09, 1996 0.041 
Jan. 06, 1998 0.034 
Feb. 10, 1998 0.036 

* Relative RMSE = ( ) ( )
( )∑

=
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Table 2. Evaluation of computational efficiency for different numerical 
algorithms 
 

Date of 
storm event 

CPU time (min) using different numerical methods 
Conventional 

( 5005.0 −=∆t ) 
MacCormack 

( 5005.0 −=∆t ) 
Bates et al. 

( 51.0 −=∆t ) 
This study 
( 30=∆t ) 

Jan. 11, 1996 388.54 273.73 186.93 12.22 
Jun. 09, 1996 305.63 201.31 118.99 8.15 

Jan. 06, 1998 524.47 369.96 271.64 15.61 

Feb. 10, 1998 636.05 472.91 309.71 18.33 
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Figures  
 

 
Fig. 1 Flow direction assignation for a quasi-2D system. 
 

 
 

(a) elevation dataset (b) flow direction 
Fig. 2 Flow directions for the sample DEM following the steepest 
descent algorithm. 
 

  
(a) elevation value (b) routing sequence 

Fig. 3 Drainage network and routing sequence in a quasi-2D routing. 
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Fig. 4 Simulated hydrographs generated by using different algorithms. 
 

 
Fig. 5 Topography of Goodwin Creek watershed. 
 

 
(a) CFL condition (the cells with t∆ < 5 sec are marked gray) 

 
(b) Hunter condition (the cells with t∆ < 5 sec are marked gray) 

Fig. 6 Spatial distributions of the time increments restricted by different 
conditions in applying the conventional algorithm. 
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Fig. 7 Cumulative areas according to different ranges of allowable time 
increments restricted by different criteria in applying the conventional 
algorithm. 
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(a) Jan. 11, 1996 Storm (b) Jun. 09, 1996 Storm 
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(c) Jan. 06, 1998 Storm (d) Feb. 10, 1998 Storm 

Fig. 8 Simulated hydrographs of four rainstorms in Goodwin Creek 
watershed. 
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CONCLUSIONS 
 
In this study, the flow limit formulation (inertial momentum equation) 
deduced by Bates et al. (2010) was integrated with the quasi-2D 
recursive formulation suggested by Huang and Lee (2013) to diminish 
the Hunter and CFL conditions simultaneously for the purpose of 
reducing computational cost in 2D runoff routing. The analysis results 
revealed that the most limited time increment was mainly restrained by 
the Hunter condition in flat areas as well as the stream cells. This 
indicates the importance of developing an integrated algorithm capable 
of dealing with both conditions simultaneously. Hydrological records 
of four rainstorms that measured in the Goodwin Creek watershed were 
adopted to test the efficiency and accuracy of the proposed algorithm. 
The test results show that the RMSE value of the simulated 
hydrographs between the conventional and proposed algorithms can be 
restricted to within 0.041, and the efficiency of the proposed algorithm 
outperforms that of the conventional method by a maximum factor of 
44 in terms of the CPU time. Moreover, the computational speed in 
executing the proposed algorithm was 22-fold and 15-fold faster 
compared to using the quasi-2D MacCormack recursive formulation 
(Huang and Lee, 2013) and the inertial momentum equation (Bates et 
al., 2010), respectively. 
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